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Abst ract - -Some of the results on the criteria for the existence of an analytic continuation i to a 
domain of a function given on a part of its boundary obtained by one of the authors are applied to the 
Riemann Hypothesis on the zeta-function zeroes. We include all of the basic structural information 
needed on the previous results on analytic ontinuation. Some comprehensive numerical experiments 
have been performed. We have found two important trends in the associated numerical results. The 
first one is that these findings favor the view that the Riemann Hypothesis is valid. The second 
one corresponds to a new conjecture on monotonic behavior of some sequences of integrals. The 
computational experiments have been performed with the Mathematica I/3.0. © 1998 Elsevier 
Science Ltd. All r ights reserved. 
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1. INTRODUCTION 
The famous Riemann ~-function is defined as 
oo 1 
¢(z) = nz.  
n--1 
Riemann formulated his hypothesis as follows. 
CONJECTURE 1. A11 zeroes of~(z) in the strip 
{z : 0 < Re z < 1},  (the critical strip of ¢(z)), 
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axe located on the line { 1} 
z :Rez= ~ . 
A great deal of impressive computations have been performed on high-speed computers to check 
the validity of the Riemann Hypothesis and some other conjectures inspired by the Riemann one 
(see [11). 
In this article, we describe a new method to validate numerically the Riemann Hypothesis. 
Armed with the new mathematical techniques proposed in the following section, we approach 
the Riemann Hypothesis, and postulate a conjecture on monotonic behavior of two sequences of 
values of one integral to be defined depending on two specific strips and the ~-function. 
2. MATHEMATICAL FOUNDATIONS 
In [2,3], the following result on criteria for the existence of an analytic continuation into a 
domain of a function given on a part of its boundary has been obtained. 
Let 
g = {z: Izl < 1} 
be a unit disk, G be a simple smooth open arc, connecting two points of OK and located in K. 
Let us denote by D-domain a part of K, whose boundary contains G and a part of the unit circle 
OK. Suppose that 
OCD and feC(G)  NLI(G). 
This raises the question as to whether there exists an analytical continuation of function f into 
domain D, that is, whether there exists a holomorphic in D function F(z) such that 
FEC(DUG)  and F Ic=f .  
It has been proved (see [2,3]) that the condition 
G f (~) d~ 1, where  a .  = 
is necessary and sufficient for the existence of an analytical continuation of the function f into 
the domain D. In [4], it has been pointed out that if 
lim ~ < 1, 
n-- '+OO 
then 
Hence, if 
FIG -- 0. 
FIG ~ 0, 
then there exists an analytic continuation of f into D, if and only if 
lim " ~x/~nl = 1. 
n- -~OO 
In such a manner, we obtain that this analytical continuation does not exist, if and only if 
lim ~ > 1. 
n---~OO 
We use one well-known result that the zeroes of ~(z) in the strip 
{z :0  < Rez < 1} 
are symmetric about the line 
(i) 
{ i} 
z :Rez=~ , 
and also pairwise conjugate, which means that they are symmetric about the x-axis too (see [5]). 
(2) 
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It is also known that the function tan(z) conformally maps the strip 
z : [Rez l<~ , 
upon the unit disk 
{z: Izl < 1}. 
This fact leads to the conformal mapping of the strip 
{1 } 
z :~<Rez<l  , 
upon the unit disk 
{z: Izl < 1}, 
and the specific form of the integral presented in (3). 
The corresponding conformal mapping of the strip 
{z :0<Rez< 1} ,  
upon the unit disk 
( z :  [z[ < 1} 
gives the form of the integral presented in (4). 
The same way of reasoning is true for the function tan (z + i/f), where ~ is an arbitrary real 
number. If ~ > 0, then the image of the interval ( - r /4 ,  7r/4) is a curve situated in the upper 
half-plane and is included in the unit disk. 
Combining the above results obtained in [2-4], the symmetry properties of C-function zeroes, 
and the simple assertion of the existence of an analytical continuation of 
1 
from the segment [1/2, 1] or the segment [0, 1/2] into a corresponding semistrip is equivalent to 
the fact that ~-function does not have zeroes in this semistrip, one can easily get the following 
propositions. 
PROPOSIT ION 2. 
where 
and 
lim ~[V/~nl= lim ~=p,  
?2--cOO n--~O0 
f l  1 2e -6 cos(2rx) + i (e -2~ - 1) n dx 
a n e-2  + 1 + 2e-  si-- (2 i ¢ 
(3) 
/1 /2 _2e-~ cos(2rx) + i(e -2~ - 1) n dx 
bn = '~-2# 7-1--  2e=~-s in~ ~ (x)" (4) 
J0  
PROPOSITION 3. The Riemann Hypothesis on zeroes of the zeta-function ¢(z) is valid, ff and 
only if 
p=l .  
In such a way, there is a possibility to carry out a computational experiment to validate the 
Riemann Hypothesis amounting to checking condition (1), where an are represented ither in the 
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fo rm (3) or in the  fo rm (4) where  bn s tands  for an.  On  the  o ther  hand,  it  is known that  a great  
deal  of  the  f i rst  zeroes of  the  ¢ - funct ion  are located  on  the  l ine 
{z :Rez=l} ,  
see ([1,5,6]). 
Thus, if 
fO --2e -~ COS(?rx) -~- i (e -26 -- 1) n dx  
~n = ~- - -~$- -~Y-~- -~(~Z)  ¢(~)'  
then (2) holds true, where c~ stands for an. 
3. NUMERICAL  RESULTS 
(5) 
Table 1. 1 < n < 30. 
1 0.22856 0.91848 
2 0.55533 1.08095 
3 0.72719 1.10568 
4 0.81875 1.09847 
5 0.86981 1.08285 
6 0.89921 1.06659 
7 0.91671 1.05278 
8 0.92789 1.04265 
9 0.93610 1.03634 
10 0.94327 1.03323 
11 0.95017 1.03213 
12 0.95675 1.03170 
13 0.96260 1.03099 
14 0.96739 1.02961 
15 0.97099 1.02765 
16 0.97358 1.02545 
17 0.97543 1.02339 
18 0.97692 1.02178 
19 0.97835 1.02074 
20 0.97989 1.02017 
21 0.98153 1.01984 
22 0.98316 1.01950 
23 0.98461 1.01897 
24 0.98578 1.01823 
25 0.98665 1.01736 
26 0.98730 1.01649 
27 0.98782 1.01577 
28 0.98835 1.01524 
29 0.98895 1.01492 
30 0.98963 1.01470 
Table 2. 31 < n < 60. 
b 
31 0.99033 1.01449 
32 0.99098 1.01420 
33 0.99152 1.01381 
34 0.99192 1.01334 
35 0.99222 1.01287 
36 0.99247 1.01245 
37 0.99272 1.01214 
38 0.99303 1.01193 
39 0.99338 1.01178 
40 0.99375 1.01163 
41 0.99406 1.01145 
42 0.99440 1.01120 
43 0.99462 1.01090 
44 0.99478 1.01061 
45 0.99492 1.01034 
46 0.99506 1.01013 
47 0.99524 1.00998 
48 0.99545 1.00987 
49 0.99567 1.00976 
50 0.99589 1.00963 
51 0.99607 1.00946 
52 0.99620 1.00926 
53 0.99630 1.00905 
54 0.99638 1.00886 
55 0.99647 1.00871 
56 0.99658 1.00860 
57 0.99672 1.00852 
58 0.99687 1.00844 
59 0.99701 1.00834 
60 0.99713 1.00821 
To i l lus t ra te  the  concepts  deve loped here,  we have  wr i t ten  a program us ing  the  Mathemat- 
ica V3.0 (see [7]). The  computat ions  w i th  in i t ia l  va lue  5 = 1 are  presented  in Tab les  1-3. 
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Table 3. 61 < n < 80. 
61 0.99721 1.00806 
62 0.99728 1.00791 
63 0.99733 1.00777 
64 0.99739 1.00766 
65 0.99746 1.00758 
66 0.99756 1.00751 
67 0.99766 1.00745 
68 0.99776 1.00737 
69 0.99784 1.00727 
70 0.99790 1.00716 
71 0.99794 1.00704 
72 0.99798 1.00693 
73 0.99802 1.00684 
74 0.99808 1.00677 
75 0.99814 1.00673 
76 0.99822 1.00667 
77 0.99829 1.00661 
78 0.99835 1.00653 
79 0.99839 1.00644 
80 0,99842 1.00635 
Table 4, 10000 < n <: 100000. 
10000 0.9998128610378699 0.9999543456616997 
20000 0.9999064261409014 0.9999771725703043 
30000 0.9999376164543308 0.9999847816556364 
40000 0.9999532119758910 0.9999885862200150 
50000 0.9999625694055799 0.9999908689655899 
60000 0,9999688077406869 0.9999923907988680 
70000 0.9999732637181621 0.9999934778240564 
80000 0.9999766057142991 0.9999942930937230 
90000 0.9999792050523501 0.9999949271928121 
100000 0.9999812845276554 0.9999954344723727 
Table 5. 110000 <: n < 210000. 
110000 0.9999829859197582 0.9999958495194777 
120000 0.9999844037487218 0.9999961953921964 
130000 0.9999856034517227 0.9999964880538213 
140000 0.9999866317697261 0.9999967389067109 
150000 0.9999875229795179 0.9999969563125993 
160000 0.9999883027887372 0.9999971465427904 
170000 0.9999889908562005 0,9999973143929889 
180000 0.9999896024721209 0.9999974635931895 
190000 0.9999901497077349 0,9999975970881243 
200000 0.9999906422200437 0.9999977172335809 
210000 0.9999910878266273 0.9999978259366256 
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From a computational point of view, it is important to point out that all the three sequences of 
values are monotonic. The ~/la,~l sequence is monotonically increasing starting from n = 1, and 
approaches 1 from below. The " ~x/~n~ sequence is monotonically decreasing starting from n -- 3, 
and approaches 1 from above. 
It is turned out that for big values of ~, one can eliminate the oscillation problem in the 
integrals (3) and (4). However, further increasing ~f is more harmful than good, due to the 
corresponding calculations of e -~. We have compromised on ~f = 100. The computations with 
the value ~ -- 100 are presented in Tables 4-11. We keep pointing out that all the two sequences 
of values are monotonic. Both the " ~X/~n~ sequence and the ~ sequences are monotonically 
increasing starting from n = 1, and approaches 1 from below. Tables 4-8 illustrate this effect 
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Table 6. 220000 < n < 310000. 
220000 0.9999914929236940 0.9999979247575854 
230000 0.9999918627950719 0.9999980149854270 
240000 0.9999922018439551 0.9999980976942890 
250000 0.9999925137690295 0.9999981737864478 
260000 0.9999928016999534 0.9999982440253688 
270000 0.9999930683027351 0.9999983090614115 
280000 0.9999933158625243 0.9999983694520262 
290000 0.9999935463492798 0.9999984256777739 
300000 0.9999937614702993 0.9999984781551416 
310000 0.9999939627125854 0.9999985272468750 
Table 7. 320000 < n < 410000. 
n a 
320000 0.9999941513772654 0.9999985732703773 
330000 0.9999943286077547 0.9999986165045784 
340000 0.9999944954129500 0.9999986571955929 
350000 0.9999946526864452 0.9999986955614081 
360000 0.9999948012225466 0.9999987317957904 
370000 0.9999949417296900 0.9999987660715587 
380000 0.9999950748417386 0.9999987985433405 
390000 0.9999952011275452 0.9999988293499033 
400000 0.9999953210990760 0.9999988586161389 
410000 0.9999954352183500 0.9999988864547542 
Table 8. 420000 < n < 500000. 
n Vla. I  
420000 0.9999955439033852 0.9999989129677219 
430000 0.9999956475333137 0.9999989382475289 
440000 0.9999957464528007 0.9999989623782543 
450000 0.9999958409758752 0.9999989854365038 
460000 0.9999959313892592 0.9999990074922211 
470000 0.9999960179552727 0.9999990286093975 
480000 0.9999961009143763 0.9999990488466922 
490000 0.9999961804874002 0.9999990682579751 
500000 0.9999962568775092 0.9999990868928069 
Table 9. 106 < n < 1014. 
106 0.9999981284370031 0.9999995434462991 
107 0.9999998128435427 0.9999999543446206 
108 0.9999999812843526 0.9999999954344618 
109 0.9999999981284354 0.9999999995434460 
101° 0.9999999998128433 0,9999999999543446 
1011 0.9999999999812843 0,9999999999954344 
1012 0.9999999999981284 0.9999999999995434 
1013 " 0.9999999999998127 0.9999999999999543 
1014 0.9999999999999811 0.9999999999999953 
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Table 10. 1015 < n < 1025. 
n 
1015 0.999999999999998128435251894 
i0 le 0.9999999999999998128435251894389 
1017 0.999999999999999981284352518943890 
1018 0.9999999999999999981284352518943890 
1019 0.99999999999999999981284352518943890074 
1020 0.999999999999999999981284352518943890073 
1021 0.9999999999999999999981284352518943890073 
1022 0.99999999999999999999981284352518943890072731 
1023 0.999999999999999999999981284352518943890072771 
1024 0.9999999999999999999999981284352518943890073187 
1025 0.9999999999999999999999998128435251894389007734681 
Table 11. 1015 < n < 1025. 
n 
1015 0.999999999999999543446195088 
1016 0.999999999999999954344619508816 
1017 0.9999999999999999954344619508816 
1018 0.99999999999999999954344619508816 
1019 0.999999999999999999954344619508816370 
1020 0.9999999999999999999954344619508816370 
1021 0.99999999999999999999954344619508816370 
1022 0.99999999999999999999995434461950881636999 
1023 0.999999999999999999999995434461950881636999 
1024 0.9999999999999999999999995434461950881636999 
1025 0.99999999999999999999999995434461950881637003670 
Table 12. 10 < ~ < 100 with step 10 for n = 50. 
b 
10 0.9633148897362501 0.9909669595402020 
20 0.9632605987699891 0.9909104881472361 
30 0.9632605963032714 0.9909104855800881 
40 0.9632605963031595 0.9909104855799714 
50 0.9632605963031595 0.9909104855799714 
60 0.9632605963031595 0.9909104855799714 
70 0.9632605963031595 0.9909104855799714 
80 0.9632605963031595 0.9909104855799714 
90 0.9632605963031595 0.9909104855799714 
100 0.9632605963031595 0.9909104855799714 
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for n running from 10000 to 500000 with the step 10000. Tables 9-11 
for n running from 106 to 1025. 
n a n b Now we want to investigate behavior of ~/I nl and ~ sequences 
is fixed. Table 12 i l lustrates it for n = 50. 
illustrate the same effect 
with respect o 5 when n 
4. CONCLUSIONS 
A new approach to the Riemann Hypothesis validation using some criteria for the existence of 
an analytic continuation into a domain of a function given on a part of its boundary has been 
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presented. As a main working tool for the computational  experiments, the Mathematica 1/3.0 
has been chosen. It is worth while mentioning that  in comparison with results obtained in [1,8] 
using supercomputer tools, we arrive at our conclusions with only a regular Pentium computer at 
hand. We think that  some of the possible reasons for this are that  our theoretical prerequisites 
are simpler and more suitable for implementation. 
Our findings are far from being conclusive, but the high level of the precision of the computa- 
tions presented in our paper results in real support of the Riemann Hypothesis. We think that 
the better way to represent hese computat ions i to show how the values of ~ [x/~n[ and 
close to 1. For example, for n -- 1025, the difference is equal to 4.5655 * 10 -28. Another impor- 
tant trend in our numerical results is a new conjecture on monotonic behavior of two sequences: 
~ [v/~n[ and ~/[bnl • Thinking about these sequences as of functions of parameter ~f, we see, also, 
that  these sequences are monotonical ly increasing or decreasing depending on the value of/f. 
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